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Abstract
The recently discovered coexistence of incommensurate antiferromag-
netic neutron scattering peaks and commensurate resonance in underdoped
YBa2Cu3O6+x is calling for an explanation. Within the t-J model, the dop-
ing and energy dependence of the spin dynamics of the underdoped bilayer
cuprates in the normal state is studied based on the fermion-spin theory
by considering the bilayer interactions. Incommensurate peaks are found
at [(1 ± δ)pi, pi] and [pi, (1 ± δ)pi] at low energies with δ initially increasing
with doping at low dopings and then saturating at higher dopings. These
incommensurate peaks are suppressed, and the parameter δ is reduced with
1
increasing energy. Eventually it converges to the [pi, pi] resonance peak. Thus
the recently observed coexistence is interpreted in terms of bilayer interac-
tions.
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The interplay between antiferromagnetism (AF) and superconductivity (SC) in high Tc
cuprates is well-established by now, [1] but its full understanding is still a challenging issue.
Experimentally the inelastic neutron scattering (INS) can provide rather detailed informa-
tion on the spin dynamics of doped single layer and bilayer cuprates. [2–10] An important
issue is whether the behavior of AF fluctuations in these compounds is universal or not.
A distinct feature of single layer La2−xSrxCuO4 (LSCO) is the presence of incommensurate
antiferromagnetic (ICAF) peaks at low energy INS, i.e., the AF scattering peaks are shifted
from the AF wave vector [π,π] to four points [π(1±δ), π] and [π, (1±δ)π] (in units of inverse
lattice constant) with δ as the incommensurability (IC) parameter, which depends on doping
concentration, but not on energy. Moreover, ICAF is observed both above and below Tc
in the entire range of doping, from underdoped to overdoped samples. [1–3] In contrast, a
sharp resonance peak (around 41 meV) is observed in optimally doped bilayer YBa2Cu3O6+x
(YBCO) at the commensurate AF wave vector [π,π] in the SC state. [4,5] Such a resonance
has also been observed in underdoped YBCO samples with resonance energy scaling down
with the SC Tc, being present both below and above Tc. [6] Recently, this resonance peak has
been observed in another class of bilayer SC cuprates Bi2Sr2CaCu2O8+δ (BSCO). [7] Such
a peak has, however, never been observed in LSCO. A very important new development
is the observation of ICAF in underdoped YBCO in both SC and normal states, with INS
pattern and doping dependence being very similar (linear in doping for low dopings) to that
of LSCO. [8,9] However, the IC peak position is energy dependent in underdoped YBCO.
A challenging issue for theory is to explain the coexistence of this energy-dependent ICAF
scattering and commensurate resonance in bilayer cuprates.
Theoretically the ICAF has been interpreted, among others, in terms of Fermi surface
nesting [11,12] or stripe formation. [13] The energy dependence of IC parameter δ on energy
for underdoped YBCO makes the stripe interpretation rather difficult to accept. On the
other hand, the commensurate resonance peak has been interpreted as due to spin-1 collec-
tive (particle-hole) excitations, [12,14,15] or particle-particle excitations, [16] or interlayer
tunneling. [17] These theoretical treatments are mostly addressing the SC state, and heavily
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rely on adjusting band structure parameters, like the next nearest neighbor hopping t′, etc.
To the best of our knowledge, the ICAF and commensurate resonance peak in underdoped
bilayer cuprates have not yet been treated from a unified point of view for the normal state.
No explicit predictions on doping and energy dependence of the ICAF peaks have been made
so far.
In our earlier work using the fermion-spin theory, [19] the dynamical spin structure
factor (DSSF) has been calculated for LSCO within the single layer t-J model [20], and the
obtained doping dependence of the IC parameter δ is consistent with experiments. [1–3] In
this paper we show explicitly if the bilayer interactions are included, one can reproduce all
main features in the normal state observed experimentally on YBCO, [8,9] including the
doping dependence of ICAF at low energies and [π, π] resonance at relatively high energy.
The bilayer band splitting in BSCO has been observed in the angle-resolved photoemission
spectroscopy in both normal and superconducting states. [18] The convergence of ICAF
peaks at lower energies to commensurate resonance peak at higher energy is rather similar
to the scenario argued in Ref. [10] for the SC state, and the DSSF we derive from the simple
t-J model (without additional terms and adjustable parameters) demonstrates explicitly this
convergence.
The t-J model in bilayer structures is expressed as,
H = −t
∑
aiηˆσ
C†aiσCai+ηˆσ − t⊥
∑
iσ
(C†1iσC2iσ + h.c.)− µ
∑
aiσ
C†aiσCaiσ
+ J
∑
aiηˆ
Sai · Sai+ηˆ + J⊥
∑
i
S1i · S2i, (1)
where ηˆ = ±xˆ, ±yˆ, a = 1, 2 is plane indices, and Sai = C
†
ai~σCai/2 are spin operators
with ~σ = (σx, σy, σz) as Pauli matrices. The t-J Hamiltonian is supplemented by the single
occupancy local constraint
∑
σ C
†
aiσCaiσ ≤ 1. This local constraint can be treated properly
in analytical form within the fermion-spin theory [19] based on the slave particle approach,
Cai↑ = h
†
aiS
−
ai, Cai↓ = h
†
aiS
+
ai, (2)
where the spinless fermion operator hai keeps track of the charge (holon), while the pseu-
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dospin operator Sai keeps track of the spin (spinon), and the low-energy Hamiltonian of the
bilayer t-J model (1) can be rewritten in the fermion-spin representation as,
H = t
∑
aiηˆ
h†ai+ηˆhai(S
+
aiS
−
ai+ηˆ + S
−
aiS
+
ai+ηˆ) + t⊥
∑
i
(h†1ih2i + h
†
2ih1i)(S
+
1iS
−
2i + S
−
1iS
+
2i)
+ µ
∑
ai
h†aihai + Jeff
∑
aiηˆ
Sai · Sai+ηˆ + J⊥eff
∑
i
S1i · S2i, (3)
with Jeff = J [(1 − p)
2 − φ2] and J⊥eff = J [(1 − p)
2 − φ2⊥], where p is the hole doping
concentration, the holon in-plane and bilayer hopping parameters φ = 〈h†aihai+ηˆ〉 and φ⊥ =
〈h†1ih2i〉, and S
+
ai (S
−
ai) as the pseudospin raising (lowering) operators. In the bilayer system,
because of the two coupled CuO2 planes, the energy spectrum has two branches. In this
case, the one-particle spinon and holon Green’s functions are matrices, and are expressed
as,
D(i− j, τ − τ ′) = DL(i− j, τ − τ
′) + τxDT (i− j, τ − τ
′),
g(i− j, τ − τ ′) = gL(i− j, τ − τ
′) + τxgT (i− j, τ − τ
′), (4)
respectively, where the longitudinal and transverse parts are defined as,
DL(i− j, τ − τ
′) = −〈TτS
+
ai(τ)S
−
aj(τ
′)〉,
gL(i− j, τ − τ
′) = −〈Tτhai(τ)h
†
aj(τ
′)〉,
DT (i− j, τ − τ
′) = −〈TτS
+
ai(τ)S
−
a′j(τ
′)〉,
gT (i− j, τ − τ
′) = −〈Tτhai(τ)h
†
a′j(τ
′)〉, (5)
with a 6= a′, while τx is the Pauli matrix in the pseudospin space of the layer index. Within
this framework, the spin fluctuations only couple to spinons, but the strong correlation
between holons and spinons is included self-consistently through the holon’s parameters
entering the spinon propagator. Therefore both spinons and holons are involved in the spin
dynamics. The universal behavior of the integrated spin response and ICAF in underdoped
single layer cuprates have been discussed within the fermion-spin theory by considering
spinon fluctuations around the mean-field (MF) solution, [20] where the spinon part is treated
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by the loop expansion to the second order. Following the previous discussions for the single
layer case, DSSF of bilayer cuprates is obtained explicitly as,
S(k, ω) = −2[1 + nB(ω)][2ImDL(k, ω) + 2ImDT (k, ω)]
= −
4[1 + nB(ω)](B
(1)
k )
2ImΣ
(s)
LT (k, ω)
[ω2 − (ω
(1)
k )
2 − B
(1)
k ReΣ
(s)
LT (k, ω)]
2 + [B
(1)
k ImΣ
(s)
LT (k, ω)]
2
, (6)
where the full spinon Green’s function,
D−1(k, ω) = D(0)−1(k, ω)− Σ(s)(k, ω), (7)
with the longitudinal and transverse MF spinon Green’s functions,
D
(0)
L (k, ω) = 1/2
∑
ν
B
(ν)
k /[ω
2 − (ω
(ν)
k )
2],
D
(0)
T (k, ω) = 1/2
∑
ν
(−1)ν+1B
(ν)
k /[ω
2 − (ω
(ν)
k )
2], (8)
respectively, where ν = 1, 2, and
ImΣ
(s)
LT (k, ω) = ImΣ
(s)
L (k, ω) + ImΣ
(s)
T (k, ω),
ReΣ
(s)
LT (k, ω) = ReΣ
(s)
L (k, ω) + ReΣ
(s)
T (k, ω), (9)
while ImΣ
(s)
L (k, ω) (ImΣ
(s)
T (k, ω)) and ReΣ
(s)
L (k, ω) (ReΣ
(s)
T (k, ω)) are the imaginary and real
parts of the second order longitudinal (transverse) spinon self-energy, respectively, obtained
from the holon bubble as,
Σ
(s)
L (k, ω) = (1/N)
2
∑
pp′
∑
νν′ν′′
Πνν′ν′′(k,p,p
′, ω),
Σ
(s)
T (k, ω) = (1/N)
2
∑
pp′
∑
νν′ν′′
(−1)ν+ν
′+ν′′+1Πνν′ν′′(k,p,p
′, ω), (10)
with
Πνν′ν′′(k,p,p
′, ω) =
(
Zt[γp′+p+k + γk−p′] + t⊥[(−1)
ν′+ν′′ + (−1)ν+ν
′′
]
)2 B(ν′′)k+p
16ω
(ν′′)
k+p
×

 F
(1)
νν′ν′′(k,p,p
′)
ω + ξ
(ν′)
p+p′ − ξ
(ν)
p′ − ω
(ν′′)
k+p
−
F
(2)
νν′ν′′(k,p,p
′)
ω + ξ
(ν′)
p+p′ − ξ
ν
p′ + ω
(ν′′)
k+p

 , (11)
where γk = (1/Z)
∑
ηˆ e
ik·ηˆ, Z is the coordination number,
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B
(ν)
k = Bk − J⊥eff [χ⊥ + 2χ
z
⊥(−1)
ν ][ǫ⊥ + (−1)
ν ]
Bk = λ[(2ǫχ
z + χ)γk − (ǫχ+ 2χ
z)], λ = 2ZJeff ,
ǫ = 1 + 2tφ/Jeff , ǫ⊥ = 1 + 4t⊥φ⊥/J⊥eff ,
F
(1)
νν′ν′′(k,p,p
′) = nF (ξ
(ν′)
p+p′)[1− nF (ξ
(ν)
p′ )]− nB(ω
(ν′′)
k+p )[nF (ξ
(ν)
p′ )− nF (ξ
(ν′)
p+p′)],
F
(2)
νν′ν′′(k,p,p
′) = nF (ξ
(ν′)
p+p′)[1− nF (ξ
(ν)
p′ )] + [1 + nB(ω
(ν′′)
k+p )][nF (ξ
(ν)
p′ )− nF (ξ
(ν′)
p+p′)], (12)
nF (ξ
(ν)
k ) and nB(ω
(ν)
k ) are the fermion and boson distribution functions, respectively, and
the MF holon and spinon excitations,
ξ
(ν)
k = 2Ztχγk + µ+ 2χ⊥t⊥(−1)
ν+1,
(ω
(ν)
k )
2 = ω2k +∆
2
k(−1)
ν+1, (13)
with ω2k = A1γ
2
k + A2γk + A3, ∆
2
k = X1γk +X2,
A1 = αǫλ
2(χ/2 + ǫχz),
A2 = ǫλ
2[(1− Z)α(ǫχ/2 + χz)/Z − α(Cz + C/2)− (1− α)/(2Z)]
−αλJ⊥eff [ǫ(C
z
⊥ + χ
z
⊥) + ǫ⊥(C⊥ + ǫχ⊥)/2],
A3 = λ
2[α(Cz + ǫ2C/2) + (1− α)(1 + ǫ2)/(4Z)− αǫ(χ/2 + ǫχz)/Z]
+αλJ⊥eff [ǫǫ⊥C⊥ + 2C
z
⊥] + J
2
⊥eff(ǫ
2
⊥ + 1)/4,
X1 = αλJ⊥eff [(ǫ⊥χ+ ǫχ⊥)/2 + ǫǫ⊥(χ
z
⊥ + χ
z)],
X2 = −αλJ⊥eff [ǫǫ⊥χ/2 + ǫ⊥(χ
z + Cz⊥) + ǫC⊥/2]− ǫ⊥J
2
⊥eff/2, (14)
the spinon correlation functions χ = 〈S+aiS
−
ai+ηˆ〉, χ
z = 〈SzaiS
z
ai+ηˆ〉, χ⊥ = 〈S
+
1iS
−
2i〉,
χz⊥ = 〈S
z
1iS
z
2i〉, C = (1/Z
2)
∑
ηˆηˆ′〈S
+
ai+ηˆS
−
ai+ηˆ′
〉, and Cz = (1/Z2)
∑
ηˆηˆ′〈S
z
ai+ηˆS
z
ai+ηˆ′
〉, C⊥ =
(1/Z)
∑
ηˆ〈S
+
2iS
−
1i+ηˆ〉, and C
z
⊥ = (1/Z)
∑
ηˆ〈S
z
1iS
z
2i+ηˆ〉. In order to satisfy the sum rule for the
correlation function 〈S+aiS
−
ai〉 = 1/2 in the absence of AF long range order (AFLRO), a de-
coupling parameter α has been introduced in the MF calculation, which can be regarded as
the vertex correction. [21] All these parameters have been determined self-consistently, as
done in the single layer case. [20]
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At half-filling, the t-J model is reduced to the Heisenberg AF model, and the AFLRO
gives rise to a commensurate peak at [1/2, 1/2] (hereafter we use the units of [2π, 2π]). In
Fig. 1, we plot DSSF S(k, ω) in the (kx, ky) plane at doping p = 0.06, temperature T = 0.1J
and energy ω = 0.35J for t/J = 2.5, t⊥/t = 0.25, and J⊥/J = 0.25, which shows that a
commensurate-IC transition in the spin fluctuation pattern occurs with doping. At low
energies and lower temperatures, the commensurate peak close to half-filling is split into
four peaks at [(1 ± δ)/2, 1/2] and [1/2, (1 ± δ)/2]. The calculated DSSF S(k, ω) has been
used to extract the doping dependence of the IC parameter δ(p), defined as the deviation of
the peak position from the AF wave vector [1/2, 1/2], and the result is shown in Fig. 2 in
comparison with the experimental data [9] taken on YBCO (inset). δ(p) increases initially
with the hole concentration in the low doping regime, but it saturates quickly at higher
dopings, in semi-quantitative agreement with the experimental data. [9] Apparently, there
is a substantial difference between theory and experiment, namely the saturation occurs at
p = 0.10 in experiment, while the calculation anticipates it already at p ≈ 0.05. However,
upon a closer examination one sees immediately that the main difference is due to the
appearance of ICAF at too low dopings in the theoretical consideration. The actual range
of rapid growth of IC parameter δ(p) with doping p (around 4 ∼ 5%) is very similar in
theory and experiment.
For considering the resonance at relatively high energy we have made a series of scans
for S(k, ω) at different energies, and the result for doping p = 0.06, t/J = 2.5, t⊥/t = 0.25,
J⊥/J = 0.25 at T = 0.1J and ω = 0.5J is shown in Fig. 3. Comparing it with Fig. 1 for the
same set of parameters except for ω = 0.35J , we see that IC peaks are energy dependent,
i.e., although these magnetic scattering peaks retain the IC pattern at [(1± δ)/2, 1/2] and
[1/2, (1 ± δ)/2] in low energies, the positions of IC peaks move towards [1/2, 1/2] with
increasing energy, and then the [1/2, 1/2] resonance peak appears at relatively high energy
(ωr = 0.5J). To show this point clearly, we plot the evolution of the magnetic scattering
peaks with energy in Fig. 4. For comparison, the experimental result [10] of YBa2Cu3O6+x
with x = 0.85 (p ≈ 0.14) for the SC state is shown in the same figure. A similar experimental
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result [8] has also been obtained for YBa2Cu3O6+x with x = 0.7 (p ≈ 0.12). Although
these experimental data were obtained below Tc, they also hold for the normal state in the
underdoped regime x ≤ 0.7 (p ≤ 0.12). [9] The anticipated position ωr = 0.5J ≈ 50 mev
[22] is not too far from the peak ≈ 30mev ∼ 37mev observed in underdoped YBCO. [9]
Moreover, the resonance energy ωr is proportional to p at small dopings. We have also made
a series of scans for S(k, ω) at different temperatures, and found both IC peaks and resonance
peak are broadened and suppressed with increasing temperature, and tend to vanish at high
temperatures. This reflects that the spin excitations are rather sharp in momentum space
at low temperatures, compared with the linewidth, and the inverse lifetime increases with
increasing temperature. Our result is in qualitative agreement with experiments. [9]
Now we turn to discuss the integrated spin response, which is manifested by the inte-
grated dynamical spin susceptibility, and can be expressed as,
I(ω, T ) = (1/N)
∑
k
χ′′(k, ω), (15)
where the dynamical spin susceptibility is related to DSSF by the fluctuation-dissipation
theorem as, χ′′(k, ω) = (1−e−βω)S(k, ω). The results of I(ω, T ) at doping p = 0.06 in t/J =
2.5, t⊥/t = 0.25, and J⊥/J = 0.25 with T = 0.1J (solid line) and T = 0.2J (dashed line) are
plotted in Fig. 5 in comparison with the experimental data [23] taken from YBa2Cu3O6+x
(inset), where the dotted line is the function ∼ arctan[a1ω/T +a3(ω/T )
3] with a1 = 6.6, and
a3 = 3.9. These results show that I(ω, T ) is almost constant for ω/T > 1 and then begin
to decrease with decreasing ω/T for ω/T < 1. It is quite remarkable that the integrated
susceptibility in the bilayer cuprates shows the same universal behavior as in the case of the
single layer cuprates, [20] and is scaled approximately as I(ω, T ) ∝ arctan[a1ω/T+a3(ω/T )
3].
This result is consistent with experiments. [23]
The DSSF in Eq. (3) has a well-defined resonance character, where S(k, ω) exhibits
peaks when the incoming neutron energy ω is equal to the renormalized spin excitation
E2k = (ω
(1)
k )
2 + B
(1)
k ReΣ
(s)
LT (k, Ek), i.e., W (kc, ω) ≡ [ω
2 − (ω
(1)
kc
)2 − B
(1)
kc
ReΣ
(s)
LT (kc, ω)]
2 =
(ω2−E2kc)
2 ∼ 0 for certain critical wave vectors kc. The height of these peaks is determined
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by the imaginary part of the spinon self-energy 1/ImΣ
(s)
LT (kc, ω). This renormalized spin
excitation is doping and energy dependent. Since ReΣ
(s)
LT (k, ω) = ReΣ
(s)
L (k, ω)+ReΣ
(s)
T (k, ω)
with ReΣ
(s)
L (k, ω) < 0 and ReΣ
(s)
T (k, ω) > 0, there is a competition between ReΣ
(s)
L (k, ω)
and ReΣ
(s)
T (k, ω), which comes entirely from the bilayer band splitting. [18] At low energies
the main contribution to ReΣ
(s)
LT (k, ω) comes from ReΣ
(s)
L (k, ω), then ICAF emerges, where
the essential physics is almost the same as in single layer cuprates, and detailed explanations
have been given in Ref. [20]. Near half-filling, the spin excitations are centered around the
AF wave vector [1/2, 1/2], so the commensurate AF peak appears there. Upon doping,
the holes disturb the AF background. Within the fermion-spin framework, as a result of
self-consistent motion of holons and spinons, ICAF is developed beyond certain critical
doping, which means, the low-energy spin excitations drift away from the AF wave vector,
or the zero of W (kδ, ω) is shifted from [1/2, 1/2] to kδ, where the physics is dominated
by the spinon self-energy ReΣ
(s)
L (k, ω) renormalization due to holons. In this sense, the
mobile holes are the key factor leading to ICAF. However, ReΣ
(s)
T (k, ω) cancels out most
contributions from ReΣ
(s)
L (k, ω) at relatively high energy, then the anomalous [1/2, 1/2]
resonance reappears. Therefore the bilayer band splitting plays a crucial role in giving rise
to the resonance. What we calculate is the acoustic spin excitation with modulations in
the c-direction ∝ sin2(πzCuL), where zCu is the distance between two nearest Cu layers, L
the c-axis coordinate in the reciprocal space. This reflects the antiferromagnetic coupling
between layers, and it is fully confirmed by experiments. [8–10]
In conclusion we have shown that if the strong spinon-holon interaction and bilayer
interactions are taken into account, the t-J model per se can correctly reproduce all main
features of INS experiments in the normal state in underdoped bilayer cuprates, including the
doping and energy dependence of ICAF at low energies and [1/2, 1/2] resonance at relatively
high energy. In fact the ICAF peaks converge to the commensurate resonance, as the energy
is increased. In our opinion, the difference of AF fluctuation behavior between LSCO and
YBCO (BSCO) is not due to the presence/absence of stripes, but rather because of the
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single/double layer structure. Of course, this has to be checked by further experiments. It
is possible that at some particular energy, a strong commensurate resonance peak coexists
with the weaker IC features as shown in Fig. 3.
After submitting this paper, we became aware of the recent INS measurements [24]
providing evidence for a sharp commensurate resonance peak below Tc in the single layer
cuprate Tl2Ba2Cu6+δ near optimal doping. However, above Tc, the experimental scans show
a featureless background that gradually decreases in an energy- and momentum-independent
fashion as the temperature is lowered. The INS in the SC state has not been considered
so far within the fermion-spin approach, and we need to extend our studies for both single
layer [20] and bilayer cases to the SC state, where the holon Cooper pairs are formed, and
the spinon self-energy is originating from both normal and anomalous holon bubbles. Hence
the renormalized spin excitation in the SC state is very much different from that in the
normal state, and it may be related to the magnetic peaks detected in the SC state. These
and other related issues are under investigation now. On the other hand, we emphasize
that although the simple t-J model can not be regarded as a comprehensive model for the
quantitative comparison with the doped cuprates, our present results for the normal state
are in semi-quantitative agreement with the major experimental observations in the normal
state of the underdoped bilayer cuprates. [9,10,23].
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FIGURES
FIG. 1. The dynamical spin structure factor in the (kx, ky) plane at doping p = 0.06, tempera-
ture T = 0.1J and energy ω = 0.35J for t/J = 2.5, t⊥/t = 0.25, and J⊥/J = 0.25. A quasiparticle
damping Γ = 0.01J has been used in all results presented.
FIG. 2. The doping dependence of the incommensurability δ(p) of the antiferromagnetic fluc-
tuations. Inset: the experimental results on YBCO taken from Ref. [9].
FIG. 3. The dynamical spin structure factor in the (kx, ky) plane at p = 0.06 for t/J = 2.5,
t⊥/t = 0.25, J⊥/J = 0.25 and ω = 0.5J at T = 0.1J .
FIG. 4. The energy dependence of the position of the incommensurate peaks at p = 0.06 and
T = 0.1J for t/J = 2.5, t⊥/t = 0.25, and J⊥/J = 0.25 (left ordinates) vs the experimental results
on YBa2Cu3O6.85 in the superconducting state taken from Ref. [10] (right ordinates).
FIG. 5. The integrated susceptibility at p = 0.06 for t/J = 2.5, t⊥/t = 0.25, and J⊥/J = 0.25
in T = 0.1J (solid line) and T = 0.2J (dashed line). The dotted line is the function
b1arctan[a1ω/T + a3(ω/T )
3] with a1 = 6.6 and a3 = 3.9. Inset: the experimental result on
YBa2Cu3O7−x taken from Ref. [23].
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